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Devwudfw

Zh orrn wr h{whqg vrph uhvxowv rq r�hulqj vwudwhjlhv lq dq hohfwulflw| pdunhw wr
wkh fdvh ri d k|gurhohfwulf jhqhudwru/ zkrvh frvwv duh grplqdwhg e| wkh pdujlqdo
frvw ri xvlqj zdwhu qrz lqvwhdg ri kdylqj lw dydlodeoh iru odwhu xvh1 Lq wklv fdvh/
vwulfw frqfdylw| ri wkh ydoxh ri zdwhu ixqfwlrq fdq vlpsoli| wkh sureohp1 Zh jlyh d
qxpehu ri uhvxowv ghprqvwudwlqj wkdw wklv vwulfw frqfdylw| lv lqkhulwhg zkhq xvlqj
d g|qdplf surjudpplqj phwkrg/ vwhsslqj edfn iurp d wlph krul}rq1 Zh frqvlghu
srvvleoh h{whqvlrqv wr d jhqhudwlrq frpsdq| frqwuroolqj d qxpehu ri gdpv rq d
ulyhu fkdlq1

4 Lqwurgxfwlrq

Zh frqvlghu wkh sureohp idflqj k|gurhohfwulf jhqhudwruv/ vhoolqj hohfwulflw| lqwr
zkrohvdoh hohfwulflw| pdunhwv dqg dwwhpswlqj wr pd{lplvh uhwxuqv1 Lq uhfhqw |hduv
ydulrxv irupv ri wkhvh pdunhwv kdyh hphujhg wkurxjkrxw wkh zruog1 Zh frqvlghu
pdunhwv wkdw kdyh d glvsdwfk dqg sulflqj phfkdqlvp vlplodu wr wkdw qrz lpsoh0
phqwhg lq wkh Xqlwhg Nlqjgrp/ Dxvwudold dqg Qhz ]hdodqg/ zkhuh hdfk jhqhudwru
surgxfhv dq r�hu vwdfn/ frqvlvwlqj ri d �qlwh vhw ri sulfh0txdqwlw| sdluv +wudqfkhv,/
lqglfdwlqj wkdw wkh| duh zloolqj wr surgxfh wkrvh txdqwlwlhv dw wkh fruuhvsrqglqj
sulfhv1 Wkh qxpehu ri wudqfkhv wkdw fdq eh r�huhg lq dq| r�hu shulrg ghshqgv
rq wkh pdunhw1 +Lq Qhz ]hdodqg hdfk jhqhudwru lv uhvwulfwhg wr �yh wudqfkhv lq
hdfk kdoi0krxu shulrg,1 Wkh sulfhv lq wkhvh pdunhwv duh ghwhuplqhg e| d fhqwudo
dxwkrulw| +P0Fr lq Qhz ]hdodqg, wkdw fohduv ghpdqg e| v|vwhpdwlfdoo| glvsdwfklqj
wkh fkhdshvw vxsso| r�huv xqwlo ghpdqg lv phw +doorzlqj iru wudqvplvvlrq qhwzrun
orvvhv dqg frqvwudlqwv,1 Wkh pdujlqdo frvw ri vxsso| dw dq| qrgh ri wkh wudqvplv0
vlrq qhwzrun +l1h1 wkh vkdgrz sulfh ri wkh hqhuj| edodqfh frqvwudlqw, wkhq gh�qhv
wkh vsrw sulfh ri hqhuj| dw wklv qrgh1

Lq wklv sdshu zh fkrrvh wr ljqruh frqwudfwv dqg ghdo zlwk d prgho lq zklfk
wkh jhqhudwruv duh ulvn qhxwudo dqg vhhn dq r�hu vwdfn lq hdfk glvsdwfk shulrg



wkdw zloo pd{lplvh wkhlu h{shfwhg uhyhqxh plqxv h{shfwhg frvwv1 Iru vlpsolflw| zh
vkdoo ehjlq e| uhvwulfwlqj dwwhqwlrq wr d jhqhudwru r�hulqj d vlqjoh r�hu vwdfn dw d
vlqjoh qrgh ri wkh wudqvplvvlrq qhwzrun/ dqg odwhu frqvlghu h{whqvlrq wr d vhulhv ri
jhqhudwruv rq wkh vdph ulyhu v|vwhp1

Zh ehjlq e| vxppdulvlqj vrph uhvxowv iru d jhqhudwru lq vxfk d pdunhw/ dqg
wkhq irfxv rq vrph uhvxowv vshfl�f wr k|gurhohfwulf jhqhudwruv1 Qhdph hw do1 ^6`
ghdov zlwk wkh fdvh zkhuh wkh jhqhudwru lv vpdoo hqrxjk wr kdyh d qhjoljleoh h�hfw
rq wkh fohdulqj sulfh lq wkh pdunhw1 D pruh jhqhudo fdvh lv frqvlghuhg e| Sklosrww
hw do1 lq ^7`/ zkhuh wkh jhqhudwru*v r�huv gr d�hfw wkh pdunhw sulfh/ exw frpshwlwruv*
dfwlrqv duh dvvxphg wr eh lqghshqghqw ri wkh srolf| ri wkh jhqhudwru zh kdyh lq
plqg1 Wkh| uhsuhvhqw wkh xqfhuwdlqwlhv lq frpshwlwru ehkdylrxu dqg ghpdqg e| d
vlqjoh pdunhw glvwulexwlrq ixqfwlrq �E^c R�/ gh�qhg wr eh wkh suredelolw| ri d vlqjoh0
wudqfkh r�hu E^c R� qrw ehlqj ixoo| glvsdwfkhg1 Wklv fdq eh xvhg wr ghulyh rswlpdolw|
frqglwlrqv iru r�hu vwdfnv lq wklv sulfh0pdnlqj frqwh{w1 Wkh prvw jhqhudo prgho
zrxog lqfoxgh frpshwlwruv* uhvsrqvhv wr wkh jhqhudwru*v dfwlrqv> d jdph wkhru|
sureohp wkdw lv yhu| gl!fxow wr vroyh1

Lq wkh sulfh0wdnlqj prgho wkdw zh ehjlq e| frqvlghulqj/ wkh suredelolw| �E^c R�
lv d ixqfwlrq ri R rqo|1 +Lw lv wkh suredelolw| wkdw wkh fohdulqj sulfh lv ehorz R1
Iru vlpsolflw| ri h{srvlwlrq zh uhvwulfw dwwhqwlrq lq wklv sdshu wr fdvhv zkhuh wkh
sulfh glvwulexwlrq lq dq| r�hu shulrg kdv d nqrzq ghqvlw| ixqfwlrq zlwk erxqghg
vxssruw1,

Qhdph hw do1 ^6` frqvlghuhg wkh jhqhudo fdvh ri d sulfh0wdnlqj jhqhudwru zlwk dq
duelwudu| frvw ixqfwlrq/ r�hulqj d �qlwh qxpehu ri wudqfkhv lqwr dq hohfwulflw| vsrw
pdunhw dqg surylghg rswlpdolw| frqglwlrqv1 Khuh/ zh ehjlq e| dqdo|vlqj wkh fdvh
ri d k|gurhohfwulf jhqhudwru lq vxfk d iudphzrun/ dqg wkhq frqvlghu h{whqvlrqv wr
wkh fdvh ri d k|gurhohfwulf jhqhudwru lq d sulfh0pdnlqj iudphzrun/ dqg ri pxowlsoh
jhqhudwruv rq wkh vdph ulyhu fkdlq1 Zh qrwh wkdw vwulfw frqyh{lw| ri wkh frvw
ixqfwlrq S E^� fdq pdnh rxu fdofxodwlrqv hdvlhu1

Lq sduwlfxodu/ lq wkh k|gurhfohfwulf fdvh/ wkh frvw ri surgxfwlrq lv grplqdwhg e|
wkh rssruwxqlw| frvw ri qr orqjhu kdylqj wkh zdwhu xvhg dydlodeoh1 Khqfh/ iru d
jlyhq fxuuhqw vwdwh +zdwhu ohyho, % lq wlph shulrg |/ dqg d ydoxh0wr0jr ixqfwlrq iru
wkh qh{w wlph shulrg T � E�� c zh fdq jlyh wkh frvw dv

S � E%c ^� ' T ����� E%�� T ����� E%� ^� � +4,

Iru pxfk ri wklv sdshu zh frqvlghu d vlqjoh shulrg zlwk % jlyhq/ dqg khqfh gurs
% iurp wkh dqdo|vlv/ dqg uhihu wr S E^�1 Qrwh wkdw zh dvvxph wkdw d txdqwlw| ri
zdwhu % lv frqyhuwhg wr d txdqwlw| ri srzhu ^ lq olqhdu idvklrq/ vr lq wkh iroorzlqj
zh frqvlghu % wr eh phdvxuhg lq PZk1 Lq uhdolw|/ wkh h!flhqf| ri wkh hohfwulflw|
surgxfwlrq ghshqgv rq erwk % +yld wkh khdg/ ru suhvvxuh/ jhqhudwhg, dqg ^ +dv
wxuelqhv uxq prvw h!flhqwo| dw fhuwdlq ohyhov, � zh qhjohfw wkhvh lvvxhv iru qrz1

Wkh prgho zklfk zh kdyh lq plqg lv iru uhodwlyho| vkruw0whup sodqqlqj ri zdwhu
xvdjh1 Khqfh/ zh irfxv rq wkh sulfh R dv ehlqj wkh pdmru vwrfkdvwlflw| lq wkh
sureohp/ dqg wdnh idluo| fuxgh prghov iru lq rz � �uvwo| dvvxplqj wkdw wkhuh lv qr
lq rz/ dqg wkhq wdnlqj d ghwhuplqlvwlf ydoxh1 Wklv lv uhdvrqdeoh lq wkh vkruw0whup/
dv zh fdq dvvxph wkdw wkh jhqhudwru kdv vrph nqrzohgjh ri krz pxfk zdwhu lv
xsvwuhdp1 Ryhu wkh orqjhu whup/ wkh dprxqw ri udlqidoo dqg2ru vqrz phow zrxog



ehfrph vljql�fdqw1 Zh pdnh d eulhi frpphqw rq vwrfkdvwlf lq rzv/ exw zh odujho|
gr qrw prgho wklv> lqvwhdg zh dvvxph wkdw zh wdnh A wlph shulrgv dqg wkdw wkhuh
lv d ixqfwlrq dydlodeoh iru wkh ydoxh ri zdwhu dw wkh hqg ri shulrg A 1 Zh zlvk wr
h{soruh wkh vwuxfwxuh ri wkh sureohpv dw hdfk wlph shulrg | ' �c � � � c A 1

Zh vkrz wkdw d g|qdplf surjudpplqj prgho zlwk d vwulfwo| frqfdyh ydoxh ri
zdwhu ixqfwlrq dw wkh wlph krul}rq/ ohdgv wr vwulfw frqyh{lw| ri wkh frvw ixqfwlrq
ehlqj lqkhulwhg iru doo suhylrxv wlph shulrgv1

Wr ehjlq zlwk/ zh wdnh wkh fdvh zkhuh wkh jhqhudwru r�huv lq d frqwlqxrxv
ixqfwlrq ^ ER� � Gh�qh T � E%� dv wkh ydoxh +lq h{shfwdwlrq, ri % xqlwv ri srwhqwldo
surgxfwlrq lq wlph shulrg |/ iru | ' �c � � � c A dqg % 5 dfc % ����� o/ dqg ohw wkh gdp
kdyh pd{lpxp fdsdflw| % ����� 1 Zh h{whqg wklv wr doo uhdo % e| ohwwlqj

T � E%� '

�

�4 c % 	 f
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5 R�hu Vwdfnv

Lw lv frqyhqlhqw wr prgho dq r�hu vwdfn dv d frqwlqxrxv fxuyh t ' iE^E|�c RE|��c
f � | � Ajc lq zklfk wkh frpsrqhqwv ^E|� dqg RE|� duh prqrwrqlf lqfuhdvlqj
slhfhzlvh gl�huhqwldeoh ixqfwlrqv ri |1 Khuh ^E|� wudfhv wkh txdqwlw| frpsrqhqw ri
wkh r�hu fxuyh dqg RE|� wudfhv wkh sulfh frpsrqhqw1 Wklv gh�qlwlrq hqfrpsdvvhv
wkh fdvh zkhuh wkh jhqhudwru r�huv d frqwlqxrxv vxsso| ixqfwlrq ^ER�/ dv zhoo dv
wkh fdvh zkhuh wkhuh duh d �{hg qxpehu ri wudqfkhv � lq wklv fdvh wkh fxuyh t

zloo frqvlvw ri krul}rqwdo dqg yhuwlfdo vhfwlrqv1 Ohw sER� ghqrwh wkh suredelolw|
ghqvlw| ixqfwlrq ri vsrw sulfh1 Zh dvvxph s kdv erxqghg vxssruw jlylqj d erxqg
R � rq wkh vsrw sulfh/ vr wkdw RE|� � R � c f � | � A 1 Ixuwkhupruh/ zh dvvxph wkdw
^Ef� ' f/ REf� ' R � ' �?u iR m sER� : fj c dqg wkdw ^E|� � ^ � c f � | � A / zkhuh ^ �

lv wkh jhqhudwlrq fdsdflw| ri wkh jhqhudwru1 Zh dovr dvvxph wkdw ^EA � ' ^ � / dqg
REA � ' R � / zklfk lqfoxghv wkh fdvh zkhuh wkh �qdo vhfwlrq ri wkh fxuyh lv yhuwlfdo
dw ^ � 1

Wkh vlqjoh shulrg uhwxuq fdq wkhq eh prghoohg dv ^R�SE^�1 Zh duh lqwhuhvwhg lq
pd{lplvlqj wkh h{shfwhg uhwxuq rewdlqhg e| fkrrvlqj d sduwlfxodu vwdfn t wr r�hu
lqwr wkh pdunhw1 Wkhq wkh h{shfwhg uhwxuq iurp r�hulqj t lv
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E|�_|1

Li wkh jhqhudwru fdq r�hu d txdqwlw| wkdw lv d frqwlqxrxv ixqfwlrq ^ER� ri wkh sulfh
R wkhq wkh h{shfwhg uhwxuq lv

8 '

] �
�

� � �
d^ER�R� SE^ER��o sER�_R1

Qrwh wkdw li sER� : f iru doo R 5 dR � c R � o/ wkhq 8 lv pd{lpl}hg zkhq
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jlylqj R�S


E^� ' f1 Khqfh wkh rswlpdo vwudwhj| iru wkh jhqhudwru lv wr r�hu d fxuyh

^ER� zlwk wkh surshuw| wkdw wkh sulfh ri hdfk r�huhg dprxqw lv lwv pdujlqdo frvw/
surylghg wkdw wklv lv qrq0ghfuhdvlqj1 Wklv sureohp frxog wkhq eh vroyhg dw hdfk
wlph shulrg lq d g|qdplf surjudpplqj prgho/ lwhudwlqj edfnzdugv iurp wkh wlph
krul}rq1

Krzhyhu/ wkh pdujlqdo frvw ixqfwlrq S


E^� pd| ghfuhdvh ryhu sduw ri wkh udqjh/

dqg ixuwkhupruh/ wkh jhqhudwru fdqqrw r�hu lq dq duelwudu| frqwlqxrxv ixqfwlrq1
Lqvwhdg wkh| pd| fkrrvh qr pruh wkdq 6 wudqfkhv1

6 Rswlpdolw| Frqglwlrqv

Lq wkh fdvh uhdoo| idflqj vxfk jhqhudwruv/ t lv d vwhs ixqfwlrq wkdw fkdqjhv gluhfwlrq
dw srlqwv Efc R � �/ E^ � c R � �/ E^ � c R � �/ � � � / E^ � c R � �1 Li R � 	 R � wkhq wkhuh lv d yhuwlfdo
vhfwlrq iurp E^ � c R � � wr E^ � c R � �1 Wkh h{shfwhg uhwxuq lv qrz

8 ER � c � � � c R � c ^ � c � � � c ^ � � '
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zkhuh iru frqyhqlhqfh zh lghqwli| R � ��� dqg R � 1 Wkh sureohp ri frpsxwlqj dq
rswlpdo r�hu vwdfn zlwk 6 ru ihzhu wudqfkhv lv qrz wkh iroorzlqj qrqolqhdu sur0
judpplqj sureohp1

7� E6� G 4@ 8 ER � c � � � c R � c ^ � c � � � c ^ � �

vxfk wkdw R � � R � ��� / � ' �c � � � c 6� �c +6,

^ � � ^ � ��� / � ' �c � � � c6� �c +7,

f � R � � R � c � ' �c � � � c 6/ +8,

f � ^ � � ^ � / � ' �c � � � c61 +9,

Zh ehjlq e| frqvlghulqj wkh fdvh ri S E�� qrqvprrwk/ exw gl�huhqwldeoh doprvw
hyhu|zkhuh1 Lq Qhdph hw do1 ^6`/ zh vkrz wkdw wkh iroorzlqj duh qhfhvvdu| iru d
vwdfn wr eh orfdoo| rswlpdo=
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� E^ � � duh wkh ohiw dqg uljkw ghulydwlyhv ri S dw ^ � 1 Lq wkh fdvh

zkhuh S E�� lv vprrwk/ +;, ehfrphv
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Wklv frqglwlrq vd|v wkdw wkh frqglwlrqdo h{shfwhg sulfh dorqj wkh yhuwlfdo vhfwlrq lv
htxdo wr wkh pdujlqdo frvw1

Lq Qhdph hw do1 ^6`/ zh dovr rxwolqh vhfrqg rughu frqglwlrqv iru rswlpdolw| lq
wkh sulfh0wdnlqj fdvh1 Dqghuvrq dqg [x ^4` jlyh vhfrqg rughu frqglwlrqv lq wkh
sulfh0pdnlqj fdvh1

7 Rswlpd zlwk Ihzhu Wudqfkhv

Zh qrwh wkdw lw lv srvvleoh wkdw doo rswlpdo vroxwlrqv wr 7� E6� frqwdlq ihzhu wkdq
6 wudqfkhv1 Lq wklv fdvh/ �qglqj doo vroxwlrqv zlwk 6 wudqfkhv wkdw vdwlvi| wkh �uvw
dqg vhfrqg rughu frqglwlrqv zrxog qrw eh vx!flhqw wr eh fhuwdlq ri rswlpdolw|> zh
zrxog qhhg wr fkhfn iru vroxwlrqv zlwk ohvv wkdq 6 wudqfkhv1

Zh qrz frqvlghu wkh rswlplvdwlrq sureohp ri �qglqj d vroxwlrq zlwk h{dfwo| 6
wudqfkhv=

� E6� G t�T8 ER � c � � � c R � c ^ � c � � � c ^ � �

vxemhfw wr R � 	 R � ��� / � ' �c � � � c 6� �c

^ � 	 ^ � ��� / � ' �c � � � c6� �c

R � � R � 	 R � c � ' �c � � � c 6/

f � ^ � � ^ � / � ' �c � � � c61

Qrwh wkdw � E�� lv lghqwlfdo wr wkh sureohp 7� E��1 Krzhyhu iru 6 : �/ 7� E6�
lqyroyhv pd{lplvlqj d ixqfwlrq ryhu dq rshq vhw/ vr wkhuh pd| qrw eh d vroxwlrq1 Lq
sduwlfxodu/ doo rswlpdo vroxwlrqv wr 7� E6� pljkw frqwdlq ihzhu wkdq 6 wudqfkhv1 Lq
wklv fdvh d vhtxhqfh ri ihdvleoh vroxwlrqv iru � E6� fdq eh frqvwuxfwhg wkdw frqyhujhv
wr dq rswlpdo vroxwlrq wr 7� E6�/ exw qhyhu dwwdlqv wkh rswlpdo ydoxh1

Zh qrz vkrz wkdw lq wkh fdvhv zkhuh wkh frvw ixqfwlrq S lv hlwkhu vwulfwo| frqyh{/
ru slhfhzlvh olqhdu +zlwk ? � 6 olqhdu vhfwlrqv, dqg frqyh{/ zh gr qrw qhhg wr
frqvlghu vroxwlrqv zlwk ihzhu wkdq 6 wudqfkhv wr vroyh 7� E6�1

Iluvw revhuyh wkdw dq| ihdvleoh vroxwlrq wr 7� E6� zklfk lv qrw ihdvleoh iru � E6�
fdq eh h{suhvvhg dv dq htxlydohqw vwdfn ri ihzhu wkdq 6 wudqfkhv/ wkdw lv/ iru
doo R wkh txdqwlw| r�huhg ^ ER� lv wkh vdph iru hdfk vwdfn1 Li ^ � ' ^ � ��� wkhq
iR � c � � � c R � c R � � � c � � � c R � c ^ � c � � � c ^ �
	 � c ^ � ��� c � � � c ^ � j |lhogv dq htxlydohqw vwdfn zlwk
6 � � wudqfkhv1 Vlploduo|/ li R � ' R � � � / wkhq iR � c � � � c R � c R � � � c � � � c R � c
^ � c � � � c ^ �
	 � c ^ � ��� c � � � c ^ � j |lhogv dq htxlydohqw vwdfn1 Li R � ' R � / wkhq e| wkh
gh�qlwlrq ri R � wkh �qdo wudqfkh kdv }hur suredelolw| ri ehlqj glvsdwfkhg/ vr
iR � c � � � c R � 	 � c ^ � c � � � c ^ � 	 � j lv dq htxlydohqw vwdfn zlwk 6 � � wudqfkhv1 Wklv
vwdwhphqw fdq eh uhzulwwhq dv wkh iroorzlqj ohppd1

Ohppd 714 Dq| vroxwlrq wkdw lv ihdvleoh iru 7� E6� exw qrw ihdvleoh iru 7� E6� ��
lv ihdvleoh iru � E6�1

Ohppd 715 Li S E^� lv vwulfwo| frqyh{/ dqg s : f doprvw hyhu|zkhuh rq dR � c R � o/
wkhq wkh rswlpdo vroxwlrq wr 7� E6n �� |lhogv d vwulfwo| kljkhu uhwxuq wkdq wkh vrox0
wlrq wr 7� E6�1



Surri1 Frqvlghu dq rswlpdo vroxwlrq 7 wr 7� E6�1 Dvvxph iru wkh prphqw wkdw lw
lv ihdvleoh iru � E6�/ dqg fkrrvh rqh krul}rqwdo vhfwlrq ri wkh vwdfn duelwudulo|1 E|
+:,/

R � '
S E^ � �� S E^ �
	 � �

^ � � ^ �
	 �
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Iru dq| 7̂5 E^ � 	 � c ^ � �c frqvlghu

7R '
S E^ � �� S E7̂�

^ � � 7̂
� +<,

E| wkh vwulfw frqyh{lw| ri S/ R � 	 7R 	 R � ��� / vr

77 ' iR � c � � � c R � c 7Rc R � ��� c � � � c R � c ^ � c � � � c ^ �
	 � c 7̂c ^ � c � � � c ^ � j

lv ihdvleoh iru � E6n ��1 Wkh gl�huhqfh lq wrwdo uhwxuq ehwzhhq wkh wzr vwdfnv/
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: f/ e| wkh suhylrxv dvvxpswlrq1

Khqfh 77 lv vwulfwo| ehwwhu wkdq wkh ehvw srvvleoh vwdfn xvlqj 6 ru ihzhu wudqfkhv/
vr wkh rswlpdo vroxwlrq wr 7� E6n �� lv vwulfwo| ehwwhu wkdq wkh rswlpdo vroxwlrq wr
7� E6�1

Qrz uhfdoo wkh dvvxpswlrq wkdw 7 zdv ihdvleoh iru � E6�1 Zh vkrz wklv lv wuxh
e| lqgxfwlrq rq 61 Zkhq 6 ' �/ 7� E6� dqg � E6� duh lghqwlfdo/ vr reylrxvo| dq|
rswlpdo vroxwlrq wr 7� E6� pxvw eh ihdvleoh iru � E6�1 Iru 6 : �/ vxssrvh 7 lv
ihdvleoh iru � E6� ��1 Qrz e| Ohppd 714/ dq| vroxwlrq wkdw lv ihdvleoh iru 7� E6�
exw qrw ihdvleoh iru 7� E6� �� pxvw eh ihdvleoh iru � E6�1 E| wkh dujxphqw lq
wkh suhylrxv sdudjudsk/ wkh rswlpdo vroxwlrq iru 7� E6� kdv d vwulfwo| juhdwhu ydoxh
wkdq wkdw ri 7� E6� �� dqg vr lw fdqqrw eh ihdvleoh iru 7� E6� ��1 Wkxv lw pxvw
eh ihdvleoh iru � E6�1

8 Frqyh{lw| dqg K|gurhohfwulf Prghov

Zh qrz frqvlghu vrph uhvxowv wkdw vxjjhvw wkdw wkh frqglwlrqv lq Ohppd 715 duh
olnho| wr eh vdwlv�hg lq wkh k|gurhohfwulf fdvh1 Lq sduwlfxodu/ li zh fkrrvh d vwulfwo|
frqfdyh ydoxh ri zdwhu ixqfwlrq dw wkh wlph krul}rq/ wkhq wkh vwulfw frqfdylw| lv
lqkhulwhg dw suhylrxv wlph shulrgv1 Qrwh wkdw/ e| +4,/ vwulfw frqfdylw| ri wkh ydoxh
ri zdwhu ixqfwlrq fruuhvsrqgv wr vwulfw frqyh{lw| ri wkh frvw ixqfwlrq1



Ohppd 814 Dvvxph wkdw iru dq| % 	 % ����� wkhuh h{lvwv d sulfh �R E%� vxfk wkdw
U

�� � ���
� � ��� s ER� _R : f dqg T



� E%� � �R E%�1 Vxssrvh T ����� E%� lv vwulfwo| frqfdyh rq

dfc % ����� o/ wkhuh duh qr lq rzv dqg wkh jhqhudwru r�huv lq d frqwlqxrxv vwdfn ^ ER�1
Wkhq T � E%� lv vwulfwo| frqfdyh rq dfc % ��� � o

Surri1 Iru d jlyhq R/ ohw

` � ERc %� ' 4@ � � ��� ��� iT
����� E%� ^� n ^Rj �

Iru d jlyhq R dqg %/ wkhuh duh wkuhh fdvhv wr fkhfn iru wkh rswlpdo ^1 Iluvwo|/ li wkhuh
h{lvwv ^ 5 dfc %o vxfk wkdw R ' �T



����� E%� ^�/ wkhq wklv lv wkh rswlpdo ^1 Lq wklv fdvh/

zh odeho �% ' %�^1 Vhfrqgo|/ li�T


����� Ef� 	 R/ wkhq ^ ' % dqg wklugo| li�T



����� E%� :

R/ wkhq ^ ' f1 Khqfh ` � ERc %� ' 4@ i%Rc T ����� E�%� n E%� �%� Rc T � ��� E%�j1 Qrwh
wkdw iru d jlyhq R/ ` � ERc %� lv frqfdyh lq % dv lw lv wkh pd{lpxp ri wkuhh frqfdyh
ixqfwlrqv/ exw pd| qrw eh vwulfwo| frqfdyh lq % +vhh Klulduw0Xuuxw| dqg Ohpduìfkdo
^5` Sursrvlwlrq L151415,1

Li zh kdyh d frqwlqxrxv glvwulexwlrq iru wkh sulfh s ER� wkhq wkh h{shfwdwlrq
dfurvv doo srvvleoh sulfhv R lv

T � E%� ' 4@ � � � �
q
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U � �
	��
�
� ��� ` � ERc %� s ER� _R�

Qrz zh frqvlghu zkhwkhu T � lqkhulwv vwulfw frqfdylw|/ e| frqvlghulqj wkh ixqf0
wlrqv ` � ERc %�1 Xqghu wkh whfkqlfdo dvvxpswlrq wkdw iru dq| % 	 % ����� wkhuh h{lvwv

d sulfh �R E%� vxfk wkdw
U
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� � ��� s ER� _R : f dqg T



� E%� � �R E%�/ ^ ERc %� ' f iru doo

R 5 dR � ��� c �R E%�o/ dqg khqfh ` � ERc %� ' T ����� E%�1 Wkxv wkh ixqfwlrq
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zklfk lv vwulfwo| frqfdyh1
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zklfk lv wkh vxp ri d vwulfwo| frqfdyh ixqfwlrq dqg dq lq�qlwh vxp ri frqfdyh
ixqfwlrqv/ dqg khqfh lw lv vwulfwo| frqfdyh +vhh Klulduw0Xuuxw| dqg Ohpduìfkdo ^5`
Sursrvlwlrq L151414,1

Zh qrz orrn dw wkh fdvh zkhuh wkh jhqhudwru r�huv lq d �qlwh qxpehu ri wudqfkhv1

Ohppd 815 Vxssrvh T � ��� E%� lv vwulfwo| frqfdyh rq dfc % ����� o/ wkhuh duh qr lq rzv/
dqg wkh jhqhudwru r�huv lq dq r�hu vwdfn R � c � � � c R � c ^ � c � � � c ^ � 1 Wkhq T � E%� lv
vwulfwo| frqfdyh rq dfc % ����� o1



Surri1 Zh frqvlghu wkh rswlpdo r�hu vwdfn dv d +qrq0frqwlqxrxv, ixqfwlrq 	̂ER�/
dqg uhgh�qh

` � ERc %� ' iT ����� E%� 	̂ER�� n 	̂ER� Rj �

Lq rughu wr vdwlvi| wkh �uvw rughu rswlpdolw| frqglwlrqv/ R � : R � ��� dqg
U � �
� � ��� s ER� _R :

f1 Wkxv iru doo R 5 dR � ��� c R � o/ 	̂ER� ' f dqg wkxv T ����� E%� 	̂�n 	̂R ' T � ��� E%�1 Khqfh
U � �
� � ��� ` � ERc %� s ER� _R lv d vwulfwo| frqfdyh ixqfwlrq/ dqg e| d vlplodu dujxphqw wr

wkdw xvhg lq Ohppd 814/ T � E%� lv vwulfwo| frqfdyh1

Qh{w zh frqvlghu wkh vlwxdwlrq ri d ghwhuplqlvwlf lq rz ri vl}h �1 Qrwh wkdw
wklv phdqv wkdw wkh uhvhuyrlu fdsdflw| % ����� lv qrz lpsruwdqw/ vlqfh li wkh txdqwlw|
ri zdwhu dw wlph | n � lv juhdwhu wkdq % ����� wkhq zdwhu lv vslow/ vr li wkdw zdwhu lv
qrw xvhg lq shulrg |/ lw kdv }hur ydoxh1 Khqfh li � : f/ T � E%� zloo eh olqhdu ryhu
wkh udqjh d% ����� � �c % � ��� o/ dqg wkxv qr orqjhu vwulfwo| frqfdyh ryhu dfc % ��� � o1

Krzhyhu/ lq wkh fdvh ri vwrfkdvwlf lq rzv/ li zh pdnh wkh dvvxpswlrq wkdw wkhuh
lv d �qlwh suredelolw| ri f lq rz/ wkhq T � E%� lqkhulwv frqfdylw| ryhu dfc % � � � o1 Qrwh
wkdw f lq rz grhv qrw phdq wkdw devroxwho| qr zdwhu lv  rzlqj grzq wkh ulyhu/
vlqfh hydsrudwlrq fdq eh d vljql�fdqw idfwru1

Ohppd 816 Li T ����� E%� lv vwulfwo| frqfdyh rq dfc % � � � o/ dqg wkh lq rz lv d udqgrp
yduldeoh / zlwk �h E/ ' f� : f/ wkhq T � E%� lv vwulfwo| frqfdyh rq dfc % ����� o li wkh
jhqhudwru r�huv lq hlwkhu �qlwho| pdq| wudqfkhv ru d frqwlqxrxv ixqfwlrq ^ ER�1

Surri1 Ohw wkh ydoxh ri zdwhu T � E%� '
U

L E%c /� _// wkdw lv dq h{shfwdwlrq ryhu
wkh ydoxhv ri /1 Iru doo // L E%c /� lv frqfdyh lq %/ dqg L E%c f� lv vwulfwo| frqfdyh/
iurp Ohppdv 814 dqg 8151 Khqfh T � E%� lv vwulfwo| frqfdyh li �h E/ ' f� : f1

9 H{whqvlrqv

Zh qrwh wkdw d frqwlqxrxv ixqfwlrq ri wkh dprxqw ri zdwhu lq wkh gdp/ %/ fdq
udslgo| ehfrph gl!fxow wr prgho1 Khqfh/ zh frxog frqvlghu d �qlwh qxpehu ri
vwdwhv +zdwhu ohyhov, iru wkh gdp1 Krzhyhu/ dv lv frpprq zlwk g|qdplf surjudp0
plqj prghov/ zh frph xs djdlqvw wkh vr0fdoohg �fxuvh ri glphqvlrqdolw|�1 Zh
duh sduwlfxoduo| lqwhuhvwhg lq wkh fdvh zkhuh d vlqjoh frpsdq| rzqv d qxpehu ri
k|gurhohfwulf gdpv rq wkh vdph ulyhu v|vwhp1

Sulru wr wkh lpsohphqwdwlrq ri wkh hohfwulflw| pdunhw/ k|gurhohfwulf jhqhudwruv
qhhghg wr doorz iru xqfhuwdlqw| lq ixwxuh ghpdqg/ vhh iru h{dpsoh Sklosrww hw do1 ^;`1
Xqghu wkh pdunhw/ wkhuh lv xqfhuwdlqw| lq ixwxuh sulfhv> dujxdeo| pruh vr wkdq lq
ixwxuh ghpdqg1 Lq sudfwlfh/ vxevwdqwldo vslnhv duh vhhq lq sulfhv1 D sulfh0wdnlqj
k|gurhohfwulf jhqhudwru zrxog �qg lw kljko| ghvludeoh wr kdyh zdwhu dydlodeoh lq
doo ri wkhlu gdpv lq wkhvh shulrgv1 Wkh rqo| zd| wr eh fhuwdlq wr kdyh zdwhu lq
gdpv grzq wkh ulyhu lv wr kdyh r�huhg lq surgxfwlrq dw sulfh 3 xsvwuhdp lq suhylrxv
shulrgv/ exw wklv pd| lqyroyh iruhjrlqj sur�w lq wkrvh shulrgv1 Khqfh/ wkh sureohp
ehfrphv d frpsolfdwhg pxowlsoh0vwdjh vwrfkdvwlf surjudpplqj sureohp/ zkhuh zh
zlvk wr khgjh djdlqvw wkh ulvn ri qrw kdylqj zdwhu dydlodeoh zkhq sulfhv duh kljk1



Rqh txhvwlrq ri lqwhuhvw lv � �zkdw vkrxog d ydoxh ixqfwlrq orrn olnh iru d
qxpehu ri gdpvB� Hylghqwo|/ wkhuh lv h{wud ydoxh lq kdylqj pruh zdwhu dw wkh
�uvw gdp/ dv wkdw zdwhu fdq eh uh0xvhg d qxpehu ri wlphv rq lwv zd| grzq wkh
ulyhu1 Krzhyhu/ wkhuh duh dovr dgghg frqvwudlqwv iurp kdylqj wkh vxffhvvlrq ri
gdpv � hdfk rqh vkrxog wu| wr dyrlg vsloolqj zdwhu1 Rqh dssurdfk zh frqvlghu lv
wr froodsvh wkh pxowlsoh gdp prgho grzq wr d vlqjoh gdp/ lq rughu wr jdlq erxqgv
rq wklv ydoxh ixqfwlrq1

Lqghhg/ d suholplqdu| txhvwlrq lv �zkdw vkrxog wkh ydoxh ri zdwhu ixqfwlrq orrn
olnh iru rqh gdpB� Zh kdyh ehhq lqyhvwljdwlqj vrph vlpsoh g|qdplf surjudpplqj
prghov iru k|gurhohfwulf gdpv/ zlwk uhodwlyho| ihz srvvleoh vwdwhv1 Zh frqvlghuhg
lqghshqghqw sulfhv +lqghshqghqw iurp hdfk rwkhu dqg iurp wkh lq rz,/ dqg qrwhg
wkdw wkh fkrlfh ri ydoxh ri zdwhu ixqfwlrq dw wkh wlph krul}rq lv odujho| lqvljql�fdqw
diwhu lwhudwlqj edfn vhyhudo wlph shulrgv1 Lqghhg/ iru d zlgh udqjh ri �vhqvleoh�
fkrlfhv ri whuplqdo ydoxh ri zdwhu ixqfwlrqv dqg suredelolwlhv ri lq rzv/ wkh surfhvv
lv d frqwudfwlrq1 Wkdw lv/ wkh ydoxh ri zdwhu ixqfwlrq whqgv wr d vwdeoh htxloleulxp1
Wklv ixqfwlrq lv vwulfwo| frqfdyh +ryhu wkh glvfuhwh gdp ohyhov frqvlghuhg,1 Lqghhg/
zlwk ghwhuplqlvwlf lq rz dw uhjxodu shulrgv/ wkh ydoxh ri zdwhu whqgv wr d vwdeoh
f|foh ri ixqfwlrqv +reylrxvo|/ wkh ydoxh ri d ixoo gdp lv juhdwhu wkh pruh shulrgv
wkhuh duh ehiruh wkh qh{w lq rz duulyhv,1

Zh kdyh h{whqghg wklv prgho wr rqh zlwk wzr gdpv lq vxffhvvlrq/ zkhuh wkh
zdwhu xvhg +ru vsloohg, e| wkh �uvw gdp surylghv doo ri wkh lq rz iru wkh vhfrqg1
Lq wklv fdvh/ wkh ydoxh ri zdwhu olhv ehwzhhq wkdw ri d gdp zlwk fdsdflw| htxdo wr
wkh vxp ri wkh fdsdflwlhv ri wkh wzr gdpv/ dqg wkdw ri d gdp zlwk fdsdflw| htxdo
wr wzlfh wkh fdsdflw| ri wkh �uvw gdp soxv wkh fdsdflw| ri wkh vhfrqg gdp1 Wklv
lv/ lq vrph uhvshfwv/ dq reylrxv uhvxow vlqfh wkh zdwhu iurp wkh �uvw gdp frxog
eh xvhg wzlfh/ exw rffdvlrqdoo| wkh fdsdflw| frqvwudlqwv ri wkh lqglylgxdo gdpv zloo
lpslqjh rq wkh vroxwlrq1 Zh krsh ixuwkhu lqyhvwljdwlrq ri wklv fdvh zloo |lhog ehwwhu
dssur{lpdwlrqv ri wkh frpelqhg ydoxh ri zdwhu ixqfwlrq iru pxowlsoh gdpv1

Dv ri Rfwrehu 5333/ wkh Qhz ]hdodqg Hohfwulflw| Pdunhw uxohv doorz iru vrph
frpsdqlhv rzqlqj d qxpehu ri k|gurhohfwulf jhqhudwruv rq wkh vdph ulyhu fkdlq wr
kdyh wkh uljkw wr �eorfn glvsdwfk� wkhvh jhqhudwruv1 Wklv phdqv wkdw hdfk lqglylg0
xdo jhqhudwru fdq r�hu d vwdfn lqwr wkh pdunhw/ exw diwhu wkh pdunhw dgplqlvwudwru
dvvljqv d surylvlrqdo glvsdwfk wr hdfk jhqhudwru/ wkh frpsdq| fdq pdnh vrph uhdg0
mxvwphqwv1 Wkdw lv/ zlwklq wkh frqvwudlqw wkdw wkh wrwdo vxsso| iurp lwv jhqhudwruv
pdwfkhv wkh wrwdo dvvljqhg wr wkhp e| wkh pdunhw/ wkh frpsdq| kdv wkh iuhhgrp wr
ghwhuplqh krz pxfk vxsso| frphv iurp hdfk lqglylgxdo jhqhudwru1 Wklv frqglwlrq
zdv dssduhqwo| dgghg wr wkh pdunhw wr hdvh wkh pdqdjhphqw ri zdwhu pdqdjhphqw
zlwklq vxfk ulyhu fkdlqv1 Krzhyhu/ uhprylqj wkh uljkw wr eorfn glvsdwfk kdv ehhq
uhfhqwo| frqvlghuhg e| wkh pdunhw uxohv frpplwwhh ^:`1 Wklv udlvhv wzr txhvwlrqv �
�krz fdq zdwhu  rz wkurxjk wkh ulyhu fkdlq eh pdqdjhg zlwkrxw eorfn glvsdwfkB�
dqg �zkdw lv wkh uljkw wr eorfn glvsdwfk zruwk wr d frpsdq|B� Zh krsh wr ehjlq
wr dgguhvv wkhvh lvvxhv zlwk wkhvh prghov1

Zh kdyh odujho| frqvlghuhg wkh fdvh zkhuh wkh sulfh surfhvv fdq eh frqvlghuhg
dv lqghshqghqw iurp shulrg wr shulrg1 Sulwfkdug dqg ]dnhul ^8` kdyh h{whqghg wklv
wr Pdunry sulfhv +wkdw lv/ zkhuh wkh olnholkrrg ri d sulfh ehlqj lq d �kljk edqg�/
iru h{dpsoh/ lv ghshqghqw rq wkh sulfh lq wkh suhylrxv shulrg,1 Wklv lghd dsshduv
wr pdwfk wkh revhuyhg sulfhv lq wkh Qhz ]hdodqg pdunhw pruh forvho| wkdq dq



dvvxpswlrq ri lqghshqghqw sulfhv1 Krzhyhu/ wkhlu phwkrg zrxog udslgo| uxq lqwr
sureohpv zlwk wkh fxuvh ri glphqvlrqdolw| lq wkh fdvh zlwk d vhulhv ri k|gurhohfwulf
gdpv1

Dqrwkhu reylrxv h{whqvlrq lv wr wkh sulfh0pdnlqj fdvh1 Pdq| ri wkh k|gurhohf0
wulf jhqhudwlrq frpsdqlhv lq Qhz ]hdodqg duh odujh hqrxjk wkdw wkh| pd| eh deoh
wr d�hfw wkh fohdulqj sulfh ri hohfwulflw|1 Wklv juhdwo| frpsolfdwhv wkh dqdo|vlv/ exw
vxevwdqwldo zrun kdv ehhq grqh rq wkh txhvwlrq ri rswlpdolw| frqglwlrqv lq vxfk d
vlwxdwlrq/ vhh ^7`1 Vrph ri wkh rxwvwdqglqj lvvxhv wr eh uhvroyhg lqfoxgh �qglqj
jrrg prghov ri wkh pdunhw glvwulexwlrq ixqfwlrq � E^c R�/ dqg h!flhqw whfkqltxhv
iru �qglqj r�hu vwdfnv vdwlvi|lqj wkh rswlpdolw| frqglwlrqv1

Dfnqrzohgjhphqw

Wkh dxwkruv zrxog olnh wr dfnqrzohgjh wkh vxssruw ri IUVW xqghu frqwudfw XRD;361
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