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Abstract

The traveling salesman problem (TSP) is probably the most studied difficult combi-

natorial optimization problem. The classical formulation for the TSP suggested by

Dantzig, Fulkerson and Johnson (DFJ). The multistage insertion formulation (MI)

is a compact formulation. Polytope given by the LP relaxation of the MI formulation

for the TSP is proven to be as tight when projected into the DFJ variable space.

In this study we compare the performance of the branch and bound algorithm on

the MI formulation for the TSP to other formulations. We define different branching

rules using the MI formulation structure. We solve instances from the TSP library

using the branch and bound algorithm on various TSP formulations. The MI formu-

lation is found to perform better than other formulations in terms of solution time

and the size of the branch and bound tree.

Key words: The Multistage Insertion Formulation, The Traveling Salesman Prob-

lem, Branch and Bound Method.

1 Introduction

The traveling salesman problem (TSP) was one of the first problems that was proven

to be NP−complete by Karp (1972) and has attracted a lot of attention from

researchers. Given a complete graph G = (V,E), where V = {1, .., n} and E =

{(i, j) ∈ V × V |i 6= j}, the TSP is about finding the least cost Hamiltonian cycle in

the graph.

Dantzig, Fulkerson and Johnson (1954) have suggested a formulation for the TSP

(DFJ). Let the decision variables xij, for all nodes i and j in V be equal to one if

the edge between i and j belongs to the solution, and be equal to zero otherwise.

Let cij be the cost of edge (i, j) ∈ E. The DFJ formulation for the TSP is given by
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constraints (1) to (3).

min
∑

cijxij

subject to:∑
j<i

xji +
∑
j>i

xij = 2, ∀i = 1, .., n, (1)∑
i,j∈S,i<j

xij ≤ |S| − 1, ∀S ⊆ V, 2 ≤ |S| ≤ n− 1, (2)

xij ∈ {0, 1}, ∀i, j ∈ V. (3)

Constraints (1) guarantee that each node is connected to other nodes by exactly

two edges. Constraints (2), also known as the subtour elimination constraints, make

sure that there are no subtours (non-Hamiltonian cycles) in the solution. There

are O(2n−1) subtour elimination constraints in the DFJ formulation. The polytope

given by the LP relaxation of the DFJ formulation is called the subtour elimination

polytope (SEP). The SEP is known to be a tighter polytope compared to the poly-

topes given by other TSP formulations, in the sense that it closely wraps around

the TSP polytope.

The branch and bound method is based on the work by Dantzig, Fulkerson and

Johnson (1959) on the TSP. The term branch and bound originates from the algo-

rithm suggested by Little et. al. (1963). In a generic branch and bound method feasi-

ble solutions of an optimization problem are enumerated in order to find the optimal

integer solution. The problem is constantly split into two subproblems by adding

two mutually exclusive and exhaustive constraints (branching), and lower bounds are

used to construct a proof of optimality without exhaustive search (bounding) (Pa-

padimitriou and Steiglitz 1982). More studies on branch and bound for the TSP can

be found in the works by Lawler and Wood (1966), Bellmore and Nemhauser(1968),

and Balas and Toth (1985).

The multistage insertion formulation (MI) (Arthanari 1983) for the TSP is a

compact formulation. It was shown that the polytope given by the LP relaxation

of the MI formulation (PMI) when projected into the variable space of the DFJ

formulation, is a subset of the SEP (Arthanari and Usha 2000). In previous studies

we compared the performance of the MI formulation for the TSP with other formu-

lations (Haerian Ardekani, Arthanari, and Ehrgott 2010). We solved some problem

instances from the TSP library, and some instances designed by Papadimitriou and

Steiglitz (1978) for this purpose. The MI formulation is shown to outperform other

formulations in terms of solution quality, solution time, and number of iterations,

for both STSP and ATSP.

In this paper we compare the performance of the branch and bound method on

various TSP formulations. The remainder of this paper is structured as follows.

The MI formulation is given in Section 2. In Sections 3 and 4 we give a summary of

various relaxations and branching rules used in the branch and bound method for

the TSP. In Section 5 we suggest some branching rules based on the MI formulation.

We report the computational results on applying branch and bound for various TSP
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formulations on some TSP Library instances in Section 6. Section 7 includes the

conclusions.

2 The Multistage Insertion (MI) Formulation for the STSP

The MI formulation for the STSP is based on constructing STSP tours by sequen-

tially inserting nodes into the initial tour of three nodes 1, 2 and 3. Given a set of

nodes V = {1, ..., n}, nodes from 4 to n are inserted sequentially between the nodes

of this tour. Let xijk be equal to one if node k is inserted between nodes i and j,

for 1 ≤ i < j ≤ k − 1 and 4 ≤ k ≤ n, and be zero otherwise. Let cij be the cost of

an edge (i, j) ∈ En = {(u, v)|1 ≤ u < v ≤ n}, and Let Cijk = cik + cjk − cij. The MI

formulation (Arthanari 1983) is:

min
n∑

k=4

∑
(1≤i<j≤k−1)

Cijkxijk

subject to: ∑
1≤i<j≤k−1

xijk = 1, 4 ≤ k ≤ n, (4)

n∑
k=4

xijk ≤ 1, 1 ≤ i < j ≤ 3, (5)

−
i−1∑
r=1

xrij −
j−1∑

s=i+1

xisj +
n∑

k=j+1

xijk ≤ 0, 1 ≤ i < j, 4 ≤ j ≤ n− 1, (6)

xijk ∈ {0, 1}, 1 ≤ i < j ≤ k − 1, 4 ≤ k ≤ n. (7)

Constraints (4) of the formulation guarantees that each node from 4 to n is

inserted in an edge. Constraint (5) ensures that at most one node is inserted in each

of the edges of T3. Constraint (6) makes sure that a node is inserted into an edge

of the subtour only if that edge has been generated by previous insertions and is

available. The MI formulation has O(n3) variables and O(n2) constraints.

3 Relaxations for the TSP

In order for the branch and bound method to perform well, it is important to start

with an LP relaxation of the IP problem with a small gap. Different relaxations

of the TSP have been considered by researchers to apply in the branch and bound

methods. We give some of these results below.

The assignment problem (AP) relaxation of the ATSP is used by

Eastman (1958), Little et al. (1963), and Bellmore and Maloneyear(Bellmore

and Malone 1971). The AP is given by the objective function of

the DFJ formulation, and constraints (8)– (11).∑
(i,j)∈A

xij = 1, ∀i ∈ V, (8)
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∑
(i,j)∈A

xij = 1, ∀j ∈ V, (9)

xij ≤ 1, ∀i, j ∈ V, (10)

xij ≥ 0, ∀i, j ∈ V. (11)

The solution to the AP is either a directed tour or a set of di-

rected subtours. Eastman used the network flow algorithm by Ford

and Fulkerson (1956) to solve the AP. The AP can be solved using

the Hungarian method in O(n3) time (Ahuja, Magnanti, and Orlin

1993).

The 2-matching relaxation is used by Bellmore and Malone (1971)

for the STSP. The answer to the 2-matching problem is either a tour

or a collection of subtours. The 2-matching problem has the same

objective function as the DFJ formulation subject to constraints

(1), (10), and (11).

The 1-tree relaxation of the STSP is first used by Held and Karp

(1971) and Christofides (1970). Let V ′ be V −{1}. This relaxation

is given by constraints (10), (11), and constraints (12) – (14).∑
(i,j)∈S×(V ′−S),j>i

xij +
∑

(i,j)∈(V ′−S)×S,j>i

xij ≥ 1, ∀S ⊂ V ′, (12)

∑
i∈V

∑
j>i

xij = n, (13)∑
i∈V

x1j = 2, (14)

The n-path problem is about finding the shortest path in a graph that

includes n nodes (n-path) starting and ending at some node v ∈ V .

The LP relaxation of the n−path problem is first used by Houck et

al. (1980) for the TSP. The n−path problem can be solved using

dynamic programming in O(n3) steps (Balas and Toth 1985).

The LP with cutting planes was first suggested by Gomory (1958)

for solving generic integer programming optimization problems. Crow-

der and Padberg (1980) used this solution method for the STSP.

The main feature of their method is finding appropriate inequalities

to use as cutting planes in each step (Balas and Toth 1985).

4 Branching Methods

We borrow the notations used by Balas and Toth (1985), for defining the subprob-

lems in a branching tree. Starting with the root problem labeled as problem 1, we

use string labels for the subproblems in a way that they show the hierarchy of the

problem in the branch and bound tree. Given some problem m in the branching

tree, let Em indicate the set of edges (i, j) that are excluded from problem m, and

let Im indicate the set of edges included in the problem. Using variables xij, the

sets Em and Im for some subproblem m can be defined by the following condition.{
(i, j) ∈ Im, if xij = 1 in problem m,

(i, j) ∈ Em, if xij = 0 in problem m.
(15)

Proceedings of the 45
th
 Annual Conference of the ORSNZ, November 2010 

329 
 

  



The solution to problem m is given subject to the constraints of the predecessor

problem of m and subject to condition (15). Given problem m, let the rth successor

of problem m be labeled as problem mr. We use the notations Imr and Emr to

indicate the set of variables that are included in and excluded from mr problem

respectively.

Many different branching rules have been suggested for the DFJ formulation.

Little et al. (1963) designed a branching rule that creates two subproblems where

some arc (i, j) is included in one branch and excluded from the other branch. This

rule does not use the structure in the TSP and can be applied to any IP problem

(Balas and Toth 1985). Little et al. do not solve the LP at each node but they

calculate a lower bound for the LP using the dual solution. Their algorithm has

more branching steps but requires less computation at each step compared to other

methods (Lawler and Wood 1966). At each branching step, Little et al. (1963) select

a pair (i, j) such that the subproblem corresponding to xij = 0 would give a bound

as large as possible (Lawler and Wood 1966). The branching rule can be expressed

as follows. {
Em1 = Em ∪ {(i, j)}, Im1 = Im,
Em2 = Em, Im2 = Im ∪ {(i, j)}.

(16)

For more branching rules and TSP relaxations we refer the reader to the works

by Balas and Toth (1985), and Applegate et al. (2006).

5 Branch and Bound Method for the MI Formulation

Similar to the notations used in the previous section for xij variables, we use the

following notations based on the MI formulation structure to define subproblems in

a branch and bound tree. Let the sets Em and Im correspond to the sets of xijk

variables that are excluded from or included in the solution of some subproblem m

respectively. We define Em and Im by the following condition for the subproblem m.{
(i, j, k) ∈ Im, ifxijk = 1,

(i, j, k) ∈ Em, ifxijk = 0.
(17)

We can use sets Em and Im to define subproblems m1 and m2 that partition the

solution space of problem m into two regions.

Example 1 Consider this solution to a 13-city MI-relaxation problem, x2,3,4 = 1,

x1,2,5 = 1, x1,3,6 = 1, x2,5,7 = 1/2, x2,3,4 = 1, x2,3,4 = 1, x2,3,4 = 1, x2,3,4 = 1,

x2,3,4 = 1, x2,3,4 = 1, x2,3,4 = 1, x2,3,4 = 1, x3,6,7 = 1/2, x3,7,8 = 1/2, x6,7,8 = 1/2,

x2,4,9 = 1, x3,6,10 = 1/2, x6,8,10 = 1/2, x7,8,11 = 1, x3,8,12 = 1/2, x3,10,12 = 1/2, and

x6,10,13 = 1. Having x3,8,12 = 0.5, and x3,10,12 = 0.5, suggests that edge (3, 12) is cre-

ated by having variables x3,j,12 to take values greater than zero. We use the following

branching rule that partitions the solution space into two regions
∑

i 6=3,i<j<12 xi,j,12,

and
∑

i=3,i<j<12 xi,j,12. Similarly for k = 8 we have x3,7,8 = 0.5, and x6,7,8 = 0.5, so we

can have
∑

j 6=7 xij8 = 0, and
∑

j=7 xij8 = 0. And finally based on having x3,6,10 = 0.5

and x6,8,10 = 0.5, we can use
∑

i 6=6∧j 6=6 xi,j,10 = 0, and
∑

i=6∨j=6 xi,j,10 = 0, to parti-

tion the solution space into two regions.

The following branching rules generalize the branching formulations given in Ex-

ample 1. These rules partition the solution space into at least two regions
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MI Branching Rule 1 (MIR1)

Given the solution to some problem m, if for some k̂ and some î we have 0 <

xîjk̂ < 1, then the successors of m are partitioned into two groups based on the

following rules.{
Em1 = Em ∪ {(i, j, k)|i = î, k = k̂, i < j < k}, Im1 = Im,
Em2 = Em, Im2 = Im ∪ {(i, j, k)|i = î, k = k̂, i < j < k},

(18)

Similarly if for some k̂ and some ĵ for some problem m we have 0 < xiĵk̂ < 1,

then the successors of m are partitioned into two groups using the following rules.{
Em1 = Em ∪ {(i, j, k)|j = ĵ, k = k̂, 1 < i < j}, Im1 = Im,
Em2 = Em, Im2 = Im ∪ {(i, j, k)|j = ĵ, k = k̂, 1 < i < j},

(19)

MI Branching Rule 2 (MIR2)

Given some problem m, if for some k̂ and some î, we have 0 < xî1ĵk
, xî2ĵk

< 1,

the successors of m can be defined as follows.
Em1 = Em, Im1 = Im ∪ {(î1ĵk̂)}.
Em2 = Em, Im2 = Im ∪ {(î2ĵk̂)}.
Em3 = Em ∪ {(î1ĵk̂), (î2ĵk̂)}, Im3 = Im.

(20)

Similarly, for some k̂ and some î, we have 0 < xîĵ1k
< 1, and 0 < xîĵ2k

< 1, the

successors of m can be defined as follows.
Em1 = Em, Im1 = Im ∪ {(̂iĵ1k̂)}
Em2 = Em, Im2 = Im ∪ {(̂iĵ2k̂)}
Em3 = Em ∪ {(̂iĵ1k̂), (̂iĵ2k̂)}, Im3 = Im.

(21)

MI Branching Rule 3 (MIR3)

This branching rule is the same as the generic branching rule for the IP methods.

Given an MI relaxation solution for some 0 < xîĵk̂ < 1, we define the following

branching rule. {
Em1 = Em, Im1 = Im ∪ {(̂i, ĵ, k̂)},
Em2 = Em ∪ {(̂i, ĵ, k̂)}, Im2 = Im,

(22)

When choosing xijk variables to branch on, we have the option of choosing vari-

ables with k values as close to n or as close to 4 as possible. For example in the

solution given in Example 1, we can choose between branching on xijk variables

with k = 7 or k = 12. We represent the combination of a branching rule MIRi with

branching on variables of either greatest value of k or smallest values of k, using

MIRi,1, and MIRi,2, respectively.

In the next section we give some computational results on these different branch-

ing rules for some TSPLIB (Reinelt 1995) instances.
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Table 1: CPU Second for Branch and Bound Method with MI Branching Rules

Problem MIR1,1 MIR2,1 MIR3,1 MIR1,2 MIR2,2 MIR3,2

bayg29 1.13 1.41 1.04 0.75 1.97 1.97

bays29 1.47 1.43 2.23 1.00 3.23 3.29

dantzig42 5.44 3.27 6.07 2.34 3.38 5.22

swiss42 1.42 1.83 1.45 1.66 3.48 2.40

att48 4.70 8.69 8.46 16.89 24.52 17.18

hk48 2.93 3.64 2.92 9.31 12.70 12.53

brazil58 6.23 8.34 6.98 6.65 9.09 6.77

st70 408.91 588.33 629.31 98.46 59.38 206.07

eil76 187.67 504.81 139.58 355.28 408.42 851.87

rd100 305.99 441.49 361.57 394.76 652.46 444.35

eil101 1209.30 3342.42 3956.10 2254.70 3618.60 3693.50

lin105 113.78 148.27 119.61 187.84 538.37 384.00

gr120 > 104 > 104 > 104 - - -
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Figure 1: Branch and Bound Solution Seconds (left) and Tree Size (right) for MI

Branching Rules

6 Computational Results on Branch and Bound for Various

TSP Formulations

We applied the different MI branching rules, MIRi,j for i = 1, 2, 3 and j = 1, 2, on

some TSPLIB instances. We use Cplex 9.1 for solving the subproblems in each tree

node. The solution times are compared in Table 1 and the sizes of the branch and

bound trees are compared in Table 2. These results are also illustrated in Figure 1.

The median, minimum and maximum values of the solution times and the sizes of

the trees are shown in this figure. The first and third quartiles are illustrated using

boxes. From Figure 1 we can observe that MIR1,1 and MIR1,2 provide smaller branch

and bound trees compared to other methods. The solution times for MIR1,1 are less

than those for other rules, except for problem st70, a Euclidean 70-city problem.

For the MIR1 rules, branching on the variables with smallest value of k seems to

perform better than using larger values for k.

We applied branch and bound with the DFJ (1954), Wong (1980), Claus (1984),

and Carr (1996) formulations and compared with branch and bound on the MI

formulation. The results are given in Table 2 and 3, and illustrated in Figure 2. The

number of violated subtour elimination constraints for the DFJ formulation that are

found and added to the subproblems are shown in Table 3 in column SEC. Apart

from the DFJ formulation, all the three MI branching rules provide the smallest size
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Table 2: Size of the Branch and Bound Tree

Problem Carr Claus DFJ MIR1,1 MIR2,1 MIR3,1 MIR1,2 MIR2,2 MIR3,2 Wong

bayg29 7 19 5 5 7 5 5 3 10 19

bays29 11 33 7 7 7 11 11 5 16 33

dantzig42 11 55 5 11 7 13 13 5 7 49

swiss42 5 17 5 3 4 3 3 7 5 27

att48 9 25 7 5 10 9 17 25 17 27

hk48 7 7 7 3 4 3 9 13 13 13

brazil58 3 25 7 3 4 3 3 4 3 21

st70 - - 117 99 147 151 19 13 39 -

eil76 - - 11 19 53 13 33 41 73 -

rd100 - - 7 7 11 9 9 13 9 -

eil101 - - 47 19 70 81 35 62 63 -

lin105 - - 3 3 4 3 5 13 9 -

gr120 - - 2055 71 90 93 - - - -

Table 3: Solution Seconds for Branch and Bound on Different Methods

Problem Carr Claus DFJ SEC MIR1,1 MIR2,1 MIR3,1 Wong

bayg29 29.87 136.07 3.97 65 1.15 1.41 1.04 558.0

bays29 45.88 218.88 2.26 34 1.47 1.43 2.23 934.7

dantzig42 547.43 4706.28 3.37 32 5.44 3.27 6.07 13777.5

swiss42 260.33 1418.20 2.85 44 1.42 1.83 1.45 4878.5

att48 3097.80 6765.88 9.26 285 4.70 8.69 8.46 15277.8

hk48 1964.80 2415.82 4.84 139 2.93 3.64 2.92 6764.8

brazil58 5075.50 18168.93 6.53 131 6.23 8.34 6.98 23619.5

st70 - - 125.21 90757 408.91 588.33 629.31 -

eil76 - - 12.70 106 187.67 504.81 139.58 -

rd100 - - 43.15 456 305.99 441.49 361.57 -

eil101 - - 174.90 14006 1209.30 3342.42 3956.10 -

lin105 - - 46.17 138 113.78 148.27 119.61 -

gr120 - - 5411.50 4930140200 > 104 > 104 > 104 -

for branching trees and require the least amount of computational time. For the

DFJ formulation, the size of the branch and bound tree is greater than MI, except

for problem eil76, but the computational time for the DFJ formulation is less than

for the MI formulation. This is probably due to the small size of the LPs solved at

each branch and bound node. The size of the branch and bound tree is significantly

larger for the DFJ formulation for problem gr120 which is a 120-city problem with

geographical distances compared to the MI formulation. The MI branching methods

provide smaller branch and bound trees for gr120, although their solution time is

greater than that of the DFJ formulation.

7 Conclusion

In this paper we suggested three branching rules for the MI formulation of the TSP,

we refer to as MIR1, MIR2, and MIR3. We applied these three branching rules

in branch and bound algorithms and found rule MIR1 to perform better than the

other two rules. We also compared the performance of branch and bound method

on various TSP formulations by solving some TSPLIB instances. We found that the

branch and bound method on the MI formulation performed better than other TSP
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Figure 2: Branch and Bound Solution Seconds (a) and Tree Size (b) for TSP for-

mulations

formulations in terms of solution time and the size of the branch and bound tree.

Considering the small solution time for instances smaller than 58, it seems feasible

to use the branch and bound method with the branching rule MIR1,1 for solving

such TSP instances.
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